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The problem of motion of ground waters in a stratum under conditions of pres- 

sure-no-pressure and seepage through the upper and lower strata is considered. 

This problem reduces to solving a system of functional equations whose solu- 
tion can be obtained by the method of successive approximations. The beha- 
vior of the unknown boundary I = 21 (t) which separates regions of pressure 
and no-pressure motion is investigated. Proof is given of the uniqueness ofthe 

solution around 1 = t,,. 

Let us consider the problem of finding a differentiable function 21 (t) such that 
xr (t,) = 0 and x1 (t) > 0 for t E [t,,, 2’1, and the solution ui (5, t) (with con- 

tinuous derivative nir) of equation 

in region 

au. 
1= ai 2 _ bi(Ui - Us) 
at 

Qr = {(t, z): 0 < 2 < Xl(t), to < t < T} for i = i 

sz, = {(t, 2): q (t) < zc < 00, t, < t < T) for i =2 
which satisfies conditions 

au1 
az x=+0 I = 9 (47 u2 Itdo+ = cp (xc>, u2 Ix-++ = const 

Ul Ix=r,(t)-o = uo-7 u-2 Ir=x,(t)f0 = uo+, au1 I aua 
aZ ~==Q((i)-o 

=- 
ax I (3) 

x=q(t ) +. 
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where (q’ (t) > 0 for t > t, , with Q’ and ~1 (5) being, respectively, a bounded and 
a reasonably smooth functions, P’ > 0 and ua* = con&). 

If UO- + GJ~, solution U2 (z, t) is continuous in region as \ ((I,o), 

This is the problem to which the investigation of pressure-no-pressure motion ofground 
waters reduces. For one-dimensional pressure motion in a stratum between two perme- 
able strata the pressure head H (z, t) of the basic level satisfies the equation [I] 

where Hodenotes the constant and equal pressure heads of the upper and lower strata. 
The solution of this equation in region 61 = {(t, z)c): 0 ( z ( oo, 0 ( 8 < t,} 
with conditions 

H(~,O)=H(z,t)=Ho, El_ =4(t), t>o 
=+i-= =--Co 

is of the form f 

~~zH--H~= -a, 
s 

Q (4 
o Y’n&(t -z) exp L - WL 

- b,(t--7)]dr (5) 

In (4) and (5) a2 and pa are the coefficients of pressure conduction and of elastic recoil 
of the stratum fz]. and kai and m,i are the coefficients of filtration and stratification 

(i = 1, 2) , respectively, 
Let q’ > 0, then the pressure head decreases in the course of time and, generally, at 

some instant of time t = to > 0 attains at cross section x = 0 the valueH (0, to- 
0) = m. (m, is the thickness of the basic stratum). If pumping is continued regions of 

motion under no-pressure (Qr) and pressure (a,) appear in the stratum with a moving 
boundary CC = x1 (t) between them. The ground water level h (2, t) in region Q2, 

then satisfies the equation 
dh 

El1 at = --+$I&-&J+e 
02 

Setting in this equation h = 1/2m,u, and linearizing it by the second method Cl], we 
obtainEq.(l).for i = %,where 

kho 
bl = 

%o&o 
al==-, 

PI palm01 (ko -,i- hot) ’ 
ho1 = Ho -t T . 

here a, and j.$ are coefficients of level conduction and water release rate, h, is some 
mean value of h (5, t), and e is the rate of seepage from the upper stratum 83. The 

pressure head H (2, t) must for t > to also satisfy Eq, (4) which assumes the form(l), 
when ,u2 = Hs and u02 = Ho are substituted in it. 

Initial and boundary conditions are of the form (2). where rp fz) is the same as func- 
tion @ (z, t,). The first two conditions of(3) determine the level of ground watersand 

the pressure head along curve 5 = x1 (t). When air is present above the ground water 
level, ZU,- = uo+ = m,, while in the absence of air &L,,- = m, and uo+ -Cm, 
p]. A particular case of a similar problem was investigated in [3, 41 by other methods, 

For the solution of problem (l)- (3) we have the following integral representation : 
t f 

u1 = -a, s G1 (x, t; 0, T) q (T) dz + al ” Gl (5, t; 51 (z), T) v (2) ~2% f- I c7) 
to to 

- erf 2 + 21 (‘c) 1 2 V/al (t - t) - 
&U-Q& + uo- 
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ua - H o = CD (x, t) + ; [uo’ - Ho - CD (~1, t)J t 
I 

ml - ‘Of e-bdt--to) erf 
2 

(8) 

where 

x 

erfx = - 
1’2; o s 

exp (-- E2) dE (i = 1, 2) 

With the use of the theorem about the normal derivative of the potential of a simple 

layer we obtain 

exp - 
[ 

212 
4nz(t - to) - b,(t - to) 

I s 
-t_ 2" Gz(xl, t;q(z),~)p(z)dz - 

to 
t 

2~2 
s 

G2x (21, t; ~(q, z) 4(Qdz 

to 

Then, by satisfying the first of conditions (3) and taking into consideration the continu- 
ity of utX (substituting in the first term in the right-hand part of (7) the identity q (z)= 

q (t) -q. + qo, where qO = q (to)), from (7) we obtain 

q(t) = 2J-$(t - GJexp [- 4er(:flto)]+ zrerf 2 Varz:t _rO) + (lo) 

t t 

t-t, 

al S (1 - e-blr) exp [ - $$-I --+!& 

where 
0 
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When 9 and CQ have been determined by means of functional equations (9) and (10) , 
formulas (7) and (8) together with I$ and or yield the solution of problem (l)- (3). 

Let us consider the case of uai = m, , when on previously made assumptions the sys- 

tem of functional equations (9) and (10) has a solution (the validity of this can be tested 

by the method of successive approximations). 

Note that, if cf, (5, t) is specified by a formula other than (5). d@ (sl,t) f dt 
may have a si~gulari~ of the order of 

0 [(t - tJ-‘~*+Sl, 6 > 0 

Thus, on the above assumptions the solution of problem (l)- (3) is derived by the method 
of successive approximations. 

Let us investigate the behavior of curve IF = x1 (t) around t = t,. 
To estimate the right-hand part of (9) we make the substitution 

dtf, (XL, t) -- = Q’(t) I(t) - q (0) J/q&p (- -g- - b2t) - 
dt 

t 

1 dz 

#exp [- 4ant~~rj - h(t ---~)]df 
and assume that 

21 (t) = Cl (t - to) + 0 (t - t,), Cl = const (11) 

and that ‘II) (t) is a continuous function. 
We consider, for instance, the integral 

I 

J = - G2sl’ (z) I (z) dz 5 
Passing to variables to 

z = to + h (t - to), 
21 (r) Z 

2 I/aa(t - z) 
b 

we obtain 

J = wo V- 

t 
~+ocVt 

Moreover,owing to the continuity of II; and the equality It, (to) = 0 (which follows 
from the continuity of uzz in S%J, we have 

Estimating the remaining terms in the right-hand part of (9) by the method used for 

estimating J , we obtain 
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Substituting (12) into (10) and computing related estimates, we have 

rr(t) = - ‘1% * (0 Y-J% (t - 44 + o (t - to) 

Hence, taking into account (11) and (12), we obtain 

Consequently function x1 (t) around t = to is represented by a straight line (to within 
smalls of order o (t - to) ) whose slope depends on the initial rate of flow from the stra- 
tum subjected to pressure, on the initial flow rate under conditions of pressure-no-pressure 
motion. on parameters of the stratum, and on the duration of motion under pressure. 

On assumptions made with respect to q (t) and cp (z) the solution of problem (l)-(3) 

is unique, at least in the neighborhood of point (0, to) . 
To prove this, let us assume that there exist two pairs of solutions: ~1, u? and ZI 

along segment 10, 2’11 and 4 , nzand x2 along segment (0, T,J. Let 

m (1) = min (~1 (t), 2% (t)], M (t) = max [II (I), x2 (z)] 

T = min (Ti, T,), D1 = ((t, zc) : 0 < x < m (tf, i, < t < T} 

pf, = f(t, 4 : liif (1) < E < -J, to < I -G T) 

Let us consider function 1~‘~ = u. - ril in region E,. Owing to 

2L’2 (0, IrJ = 0, 1L’z I&+to = 0, 11’2 I,,, = 0 

the point of maximum P = {M (t"), t"$ of function u *z lies on curve x = M (t). Hence 
wzX (P) < 0 and uz (P) - v2 (P) > 0. Noting that 

us (Xl, t) = u*+, u2 (x2, 1) = u*+, uzx > 0, Dzx > 0 

we obtain z~(t*f < zz(t’). On the other hand 

w1 ( 21 (f), t”) = u1 (Xl (LO), t”) - 1‘1 (11 (0, 1”) = ‘im, - Z’I (XI (0, t”) > 0 

consequently ~01~ > 0. But for reasonably small 6, = (2’ - tO) this contradicts the con- 
tinuity of function w,which in regions d; and 5, is equal ZLQ~ and u‘~~ ,respectively. 
Hence in & function us= v2 and ~1 = am. 

In fact, if we find a point ‘c E [0, IS,] such that x2 (.tJ > 21 (z,), then ~1% (z2 (r,), ‘%) = 

uz (X? (%)Y .t0) - 2’2 (2% (~4, %) = ~2 (x0 (r,), Q) - u”* > &which contradicts the iden- 
tity us zz 1.2. 

The uniqueness of UI follows from XI = x2. 
Note that in the proof of uniqueness no assumption was made as to the fulfilment of 

the equality ug+ = m,. 
We would point out that a certain class of problems with Stefan’s condition (which is 

different from the second condition in (3)) along the unknown moving boundary were 

investigated in the monograph IS]. 
In concluding the author thanks P. Ia. Kochina for discussing the results of this Work. 
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Integral equations which originate in a number of contact problems concerned 
with the vibrations of stamps on the surface of domains, whose boundaries are 
at infinity (for example, on the surface of a layer, of a multilayer foundation, 

of a cylinder, a tube, etc. ), are considered. Such problems reduce to integral 
equations of the first kind with a difference kernel containing oscillating 

members. The oscillations grow as the vibration frequency increases, and this 
either makes application of known methods of solving equations of the first 
kind difficult, or completely excludes such a possibility. 

The possibility is studied of using a method of solving these equations and 

questions of its efficiency are discussed ( *) , In principle, the method permits 
construction of exact solutions of some equations approximating the initial 

equations, and errors in the approximate solutions are given. 

Z l The problem for an elastic layer of thickness h lying friction-free on a rigid 
foundation during vibrations of a stamp surface of width 2a adhering friction-free to 

its surface, results in an integral equation of the form 
a 

s 
~(~-~)~(~)~~ = J@(t), jZ[\<U (1.1) 

/cll) = 5 K(u)f+‘du II. 2) 

II (u) =r[r&p cth s2 - (u2 - ffz?ct2)a ala cth aI]+ CL31 

ok = 1/u2 - ,$!$a, xi2 = pW2h2 (2p + h)-r, %a2 = i,ti2ha,.&-’ 

l ) A. V. Belokon also expressed the possibility of using this method in one of the semi- 
nars of the elasticity theory department of Rostov State University. 


